Air Force Air-to-Ground attack sortie optimization with Ground-to-Ground deterministic Lanchester fire-exchange battles using attrition rates derived from the Army's COSAGE model.
through the effect on shared Red weapon systems. Also, the lethality of each Red shooter during the latest ground battle is communicated to the Air model, conveying the contemporary value of Red shooters on the ground as targets for Air attacks. In this way the Air assets are automatically motivated to attack the Red targets that are currently being most destructive in the ground model.
The period length has so far been taken to be three days, but a principle of FATHM is that all small lengths of time should produce essentially the same results. "Essentially the same" means that smaller lengths should be more accurate but more time consuming, as in solving ordinary differential equations.
New platforms, munitions, and targets can be scheduled to arrive in-theater by time period. In addition, a destroyed Red target may be repaired and regenerated. The likelihood that such a target can regenerate depends upon whether the kill was by an air attack or from ground fire; e.g., the chances of regenerating after a ground kill can be set to zero.
All combatants are regarded as being part of the same aggregate in FATHM. The only spatial representation is the location of the Forward Edge of the Battle Area (FEBA), which moves back and forth depending on the force ratio. However, the list of targets available to the Air model may include targets not represented in the ground model, and it is in principle possible for entities to change identity in a Markov fashion as time goes by. Thus the ground model might represent only tanks while the air model represents both tanks and deep tanks, with a certain fraction of deep tanks becoming tanks at the end of each period. In this limited sense movement between regions, or at least movement between populations that inhabit regions, is possible. The Markov method is also used to model dead targets that come back to life at the end of each period, a kind of repair process.
The details of the two parts are made explicit in the following sections.
FATHM Lexicon for Air and Ground Warfare
FATHM fuses two well-accepted families of theater models, a ground warfare model assessing effectiveness of direct fire and indirect fire exchanges between Blue and Red ground platforms, and a linear programming model of Blue air attacks on Red ground targets (e.g., CTS, Brown, Coulter and Washburn [1994] , Yost [1996] ), and COSAGE (e.g., Jones [1995] ). FATHM adopts terminology from both these seminal applications, but must make unambiguous distinctions when necessary for clarity when all is combined in a single model federation. 
Common Terminology between Air War and Ground War

The Ground Model
COSAGE runs are typically for short periods of time such as two days, whereas FATHM battles may last for weeks. Although it is unlikely that any COSAGE platform will be entirely wiped out during a COSAGE run, that eventuality could very well happen in FATHM. An additional contributor to this possibility is that the Air model may concentrate on only a few target types in any one period. FATHM must therefore be prepared for the possibility that all targets of a particular type will be exhausted.
FATHM imitates COSAGE in including both direct and indirect fire. Indirect fire is not influenced by exhaustion of a target type, since the effects of indirect fire vanish naturally when the number of targets becomes zero. Direct fire, however, must be reprogrammed when no targets remain. The data structures inferred from the killervictim scoreboards must therefore differ by type of fire. 
Index use
Attrition rate polishing
If the attrition rates were actually calculated according to the above, and if those rates were then substituted into Lanchester's equations, the resulting casualties would not be as originally read from the COSAGE killer-victim scoreboard. The reason for this is that the COSAGE battle is over a significant time interval (call it T, usually two days), whereas the Lanchester period is in theory infinitisimal (in practice 3.6 hours in FATHM, since there are 10 mini-battles fought in three days). The COSAGE board contains attrition over T, but dividing that by T produces only an average or "rough" attrition rate.
The COSAGE board does not contain a complete record of survivors as a function of time, which would seem to be required in order to estimate the true attrition rate.
Since the FATHM ground model is supposed to be a Lanchester model that produces the same killer-victim scoreboard as COSAGE, this potential lack of agreement is unsatisfactory. However, the rough coefficients can be easily "polished" to make the two models agree exactly. The polishing method can be most easily described using a model that is notationally simpler than the actual ground model. Suppose it were known that the
holds for t>0, with the initial value x(0) and the final value x(T) known, but α unknown. A rough value of α is ∆/(x(0)T), where ∆=x(T)-x(0) is the change in x over the time interval [0, T] . This is the sort of estimate described above, with ∆ being the value read from the COSAGE board. The exact value of α is Upon exit from the procedure, α will be whatever parameter makes the change in x over the interval [0, T] be the known value ∆. The procedure works just as well when x is multidimensional, and is the procedure used to polish the initial estimates described in paragraphs 3.2 and 3.3. In practice step 2 is always executed five times, since that seems to be sufficient to ensure convergence.
Frontal width adjustments
Obviously FATHM's results will be most accurate when FATHM's ground battles are most similar to the COSAGE battle from which the Lanchester coefficients are extracted. Nonetheless, FATHM is prepared for certain deviations. The fact that FATHM's initial platform numbers need not necessarily equal those of the COSAGE battle has already been alluded to. The flexibility in permitting this is valuable, but there is also a danger in doing so.
Suppose, for example, that initial platform numbers in the FATHM battle are all double those of the COSAGE battle. Attrition due to direct fire will double as expected, but attrition due to indirect fire (mainly artillery in most COSAGE battles) will quadruple because indirect attrition is proportional to both the number of shooters and the number of targets. This would be appropriate if the increased numbers of participants were still enclosed in the same COSAGE battle space, since the density of targets per unit area would be doubled and indirect fire is basically an attack on area, rather than individuals. However, the larger FATHM battle will typically be intended to occur within a larger battle space that will diffuse the targets and thereby reduce the effectiveness of indirect fire. For this reason, the FATHM user must also provide an additional parameter FEBAWID that is intended to represent the frontal width of the battle space in kilometers. If FEBAWID is larger than COSAGEWID, the frontal width of the COSAGE battle, then the indirect fire coefficients are reduced accordingly. The COSAGEWID parameter is included in the first line of the COSAGE killer-victim scoreboard.
To be precise, all indirect fire coefficients for both sides are multiplied by the ratio (COSAGEWID/FEBAWID) before being employed in FATHM's Lanchester battles. Direct fire coefficients are not adjusted. Thus, if the FATHM battle is twice as large as the COSAGE battle in all respects (frontal width as well as platform counts), then direct and indirect attrition will also be doubled.
Only the polished and adjusted coefficients irate uvc and drate uvc are subsequently employed by FATHM. As a result, if FATHM is employed with • no Air war,
• initial platform numbers that agree with the COSAGE numbers, and
• FEBAWID=COSAGEWID then the attrition will agree with the COSAGE killer-victim scoreboard.
Total Attrition
In total, the rate at which each Blue platform of type u firing munitions of type v kills 
Static platform values and FEBA movement
In combat modeling, there is occasionally a need to aggregate the power of a force into a single number, generally by weighting all of the surviving platforms by a value and summing. In FATHM, this happens in the computation of FEBA movement, since the rate at which the FEBA moves is hypothesized to depend on the ratio of Blue force power to Red force power. The "static"platform values required to make this computation are part of the input database, and can be whatever the user feels is appropriate. The Army's WEI/WUV scores are one possibility, or simple economic values could also be used. The scale is arbitrary, but must be the same for both Red and Blue.
In each period, the static values are combined with surviving platforms of each type to calculate the power of each side, and the Blue/Red power ratio R then determines the rate at which the FEBA moves. The function f(R) that converts the force ratio to a movement rate is a piecewise linear function whose coefficients are in the input database.
It is a symmetric function in that f(R) = -f(1/R), so it suffices to determine f(R) for R≥ 1.0. FATHM uses the FEBA movement rate to update the location of the FEBA and write it to an output file. The FEBA location is not in any way involved with the ground battle.
Some combat models determine platform values endogenously by using the argument that the value of a platform is just the rate at which it kills value on the other side, almost a circular definition of value. The eigenvalue method and the ATCAL method are examples of this [Caldwell, et al, 1999] . The beauty of these methods is that they obviate the need for input target values, but there are also drawbacks. For example, the value of a truck ( a common platform type in COSAGE) would be zero because trucks do not actually shoot at anything, and likewise the value of a communications center would be zero. For these reasons FATHM relies mainly on the aforementioned exogenous static values. The idea that the value of a platform should depend on the rate at which it can destroy value on the other side is employed in the Air model, where it is used in computing the dynamic (red) target values that enter the objective function. In this way the Blue Air forces are encouraged to direct attention to whatever Red platforms are currently proving most troublesome in the Ground battle. In conducting the subsequent Air battle, the general idea is that the value of killing any Red platform should be its static value plus its dynamic value over some suitable time interval, since killing the Red platform will have the effect of later saving whatever Blue static value it would otherwise have killed. This idea will be made more precise in section 5, where the computation of kvalue k will be described in detail.
Ground Battles in each FATHM time_period
The Air model
The Air model is a large linear program where limited aircraft sorties are assigned to targets in a variety of conditions in an attempt to simultaneously kill targets, avoid attrition and achieve equity of effort among the services. This section gives the formulation.
Subscripts and Sets
Phase and time subscripts are suppressed in this section for simplicity of notation.
The Air model is myopic in time, so there are no objectives or constraints that cross time boundaries. Some of the data is direct input, and other data is computed between periods based on results of the most recent Ground battle (these Interperiod updates are covered in section 5). 
Data
It is customary to regard an aircraft as a generator of a certain number of sorties per day, and to constrain the use of aircraft so as to prohibit using too many sorties. FATHM was developed using the idea that an aircraft is better regarded as a generator of flying hours per day, thereby recognizing that different sorties may consume different numbers of hours depending on the target, its proximity, the weather, etc. 
Conditions for ground battles:
COSAGE board (posture) selected with its exchange rates
Conditions for air attacks:
After ground battles in period t and before air battle in period t: 
Phase h completed? Also required are any COSAGE boards as listed in phase.csv .
Program Components
The following components constitute the FATHM federation: Restrictions indicate, respectively, whether or not each index instance in its grounded source must be unique (U), whether a null (empty, or all-blank) field entry is admissible (N), and whether the index must be admissible as a GAMS name (G).
Each index must be 1-9 characters long. GAMS indices must be alphanumeric with no embedded blanks or special characters.
For example, air_weapon indices m are explicitly defined for FATHM by
Weapon.csv along with initial inventories, so each index must be unique, non-null, and must be GAMS admissible.
For example, the loadout indices l are filtered from the Mission.csv file, where each index may occur many times, null entries are tolerated, and each index must be GAMS admissible.
For example, the r_platform indices need not be GAMS admissible.
Index sets and map sources
Red targets are distinguished by a global_target name, and an air_target type and/or a ground_target type. Thus, each global_target may be known as an air_target, or as a ground_target, or as both. For example:
Global_target g air_target k ground_target c Target.csv 9
